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THE ADIABATIC LIMIT OF THE CONNECTION LAPLACIAN
STEFAN HAAG AND JONAS LAMPART
Abstract. We study the behaviour of Laplace-type operatorsH on a complex
vector bundle E →M in the adiabatic limit of the base space. This space is a
fibre bundleM → B with compact fibres and the limit corresponds to blowing
up directions perpendicular to the fibres by a factor ε−1  1. Under a gap
condition on the fibre-wise eigenvalues we prove existence of effective operators
that provide asymptotics to any order in ε for H (with Dirichlet boundary
conditions), on an appropriate almost-invariant subspace of L2(E).
1. Introduction
The adiabatic limit of a Riemannian fibre bundle is given by a rescaling, under
which the lengths in the fibres (“vertical directions”) are of order ε 1 compared
to the lengths in the base (“horizontal directions”). Such scalings arise naturally
for some systems studied in physics and also provide a useful tool for geometry,
as many properties of the underlying manifold may be analysed more readily in
the asymptotic regime ε → 0. In this paper we will consider fibre bundles whose
fibres are compact manifolds with boundary and whose base is complete, but not
necessarily compact. We analyse the asymptotic behaviour of Laplace-type opera-
tors on complex vector bundles over these spaces, with Dirichlet conditions on the
boundary, in the adiabatic limit.
A particularly interesting example of such an operator is the Hodge Laplacian
on (complex valued) differential p-forms. In the case of closed manifolds its adia-
batic limit was studied by Mazzeo and Melrose [MM90], who related the asymptotic
calculation of its kernel, the p-th de Rham cohomology, in the adiabatic limit to
Leray’s spectral sequence (see also Forman [For95], and Álvarez López and Ko-
rdyukov [ALK00] for extensions and further references). Our analysis applies to
the Hodge Laplacian (see Example 1.4 for details) on rather general non-compact
fibre bundles with compact fibres and a boundary. However, when ∂M 6= ∅ we
treat only Dirichlet boundary conditions and not the releative/absolute conditions
related to the respective de Rham cohomolgies on manifolds with boundary. Never-
theless, we believe that the techniques we develop can be useful for understanding
the L2-cohomology of these manifolds (see Schick [Sch96]) in the adiabatic limit.
In physics, the adiabatic limit appears in the modelling of quantum waveguides,
where the manifold in question is a small tubular neighbourhood of a given sub-
manifold of Euclidean space. The scalar Schrödinger equation in such tubes has
been studied thoroughly, an overview of the vast literature can be found in the
book of Exner and Kovařík [EK15]. A more geometric view is presented in our re-
cent work with Teufel [HLT15]. Similar results were obtained for the heat equation
in thin tubes in Riemannian manifolds by Wittich [Wit07], and Kolb and Kre-
jčiřík [KK14]. There are also some results for operators built from a non-trivial
connection on a line bundle over the waveguide-manifold, which models an external
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magnetic field [EJK01, BEK05, EK05, BdOV13, KR14, KRT15]. Our work here
will pave the way for the analysis of magnetic fields in the generalised waveguides
considered in [HLT15]. The details of this application are given in [HLT17]. More-
over, taking vector bundles of higher rank, our framework allows for the modelling
of particles that couple to a non-Abelian gauge field.
Let us now introduce our geometric and analytical setup and give an outline of
our approach. Let M piM−−→ B be a connected, smooth fibre bundle of Riemannian
manifolds with compact fibre F . We assume that the base manifold B is complete,
but not necessarily compact, and we allow the total spaceM to possess a boundary
(which is of course the case if and only if ∂F 6= ∅) and denote byMx = pi−1M (x) ∼= F
the fibre of M over x ∈ B. Let g and gB be Riemannian metrics on M and
B, respectively. The tangent bundle of M decomposes into a vertical subbundle,
the vectors tangent to the fibres, or, equivalently, in the kernel of TpiM , and the
horizontal vectors, orthogonal to the fibres,
TM = ker(TpiM )⊥ ⊕ ker(TpiM ) =: HM ⊕ VM.
We assume that piM is a Riemannian submersion for the metrics g, gB , that is,
TpiM :HM → TB is an isometry. The metric g is then called a Riemannian sub-
mersion metric and may be written as
g = pi∗MgB + gV,
where gV is the restriction of g to the vertical subbundle (and vanishes on horizontal
vectors). The adiabatic limit is then implemented by a blow-up of the horizontal
directions, i.e., by the family of rescaled Riemannian submersion metrics
gε = ε−2pi∗MgB + gV (1)
for ε 1. Up to a global rescaling, this corresponds to shrinking the length scale of
the fibres of M by a factor ε. A simple example of such a family of metrics is given
by g = ε−2 dx2 + f(x) dy2 on R× [0, 1], for some positive function f ∈ C∞b (R).
Let also E piE−−→M be a complex vector bundle with a Hermitian bundle metric h
and a metric connection∇E . Consider the composition of projections ΠE := piM◦piE .
The fibre of this map Ex = Π−1E (x) is just the restriction of E to the fibre Mx, and
as such itself a vector bundle over Mx. In fact, ΠE : E → B defines a fibre bundle
over B, whose typical fibre F piF−−→ F is a vector bundle over F . We will examine
the construction of this vector bundle, in particular its analytical properties, in
Proposition 2.8.
Let H be the Hilbert space of square-integrable sections of (E , h) piE−−→ (M, g)
associated with the unscaled Riemannian submersion metric g = gε=1. We will
consider operators of the form
H := −∆Egε + εH1 + V (2)
on H, with Dirichlet boundary conditions. Here, −∆Egε = −Trgε(∇E)2 = (∇E)∗∇E
is the connection Laplacian associated with the connection ∇E and the metrics gε
and h, defined by the quadratic form〈
ψ,−∆Egεψ
〉
H =
∫
M
Trgε h
(∇E· ψ,∇E· ψ) volg .
Moreover, V is an End(E)-valued potential and H1 is a perturbation. For example,
H1 could be a second-order differential operator modelling small perturbations of
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the metric gε or the connection ∇E , which appear in typical applications (see Ex-
ample 1.4 and [HLT17]). Our goal will be to obtain precise asymptotics for H, its
spectrum and dynamics, as ε tends to zero.
The structure of the rescaled Riemannian submersion (1) yields a splitting of
the associated connection Laplacian
−∆Egε = −ε2∆EH −∆EV
into a horizontal Laplacian ∆EH = Trpi∗MgB (∇E)2 −∇EηV , where ηV is the mean cur-
vature vector of the fibres Mx ↪→ (M, g) (for ε = 1), and a vertical Laplacian ∆EV.
Consequently, the operator (2) takes the form
H = −ε2∆EH + εH1 +HF
with fibrewise vertical operator
HF := −∆EV + V.
Under the assumption of bounded geometry (see Section 2), H is self-adjoint and
non-negative on the Dirichlet domain D(H) = W 2(E) ∩ W 10 (E) (We denote by
W k(E) = W k,2(E) the L2-Sobolev space of sections of E , see Section 2). The same
is true for HF (x) acting on sections of Ex piEx−−→ Mx, with domain D(HF (x)) =
W 2(Ex)∩W 10 (Ex). Throughout this paper, we will denote by H, HF the unbounded
self-adjoint operators defined on their respective domains, while ∆Egε , ∆
E
V, ∆EH refer
to differential operators, without reference to a specific domain.
Because the fibres Mx are compact, the spectrum of the elliptic operator HF (x)
is a discrete set of eigenvalues of finite multiplicity accumulating at infinity. An
eigenband is a continuous function λ:B → R that is an eigenvalue of HF (x) for
every fixed x ∈ B, i.e., λ(x) ∈ σ(HF (x)) for all x ∈ B. Given an eigenband,
we denote by P0(x) the spectral projection to ker
(
HF (x)− λ(x)). The adiabatic
operator associated to the eigenband λ is given by
Ha := P0HP0 = P0
(−ε2∆EH + εH1)P0 + λP0.
We will show that, under appropriate assumptions, Ha provides an approximation
of HP0 with errors of order ε and refine this approximation to accuracy εN , for
arbitrary N ∈ N.
Throughout this paper, we will exclusively treat eigenbands with a (local) spec-
tral gap. The generalisation of our results to a group of eigenbands that is separated
from the rest of the spectrum is straightforward, but we will not perform this for
the sake of a simpler presentation. The precise condition we require is:
Condition 1. There exist δ > 0 and f± ∈ Cb(B) with dist(f±(x), σ(HF (x))) ≥ δ
such that [
f−(x), f+(x)
] ∩ σ(HF (x)) = λ(x)
for all x ∈ B.
This condition immediately implies that λ is bounded, and also that λ is smooth,
see Proposition 3.6.
It will be convenient to view HF (x), P0(x) and similar objects as bundle maps
on infinite-dimensional vector bundles over B whose fibre at x ∈ B is given by the
space of L2-sections L2(Ex, h|Ex) (or subspaces thereof). These vector bundles are
constructed as follows: First, note that, by compactness ofMx ∼= F , the topology of
L2(Ex, h|Ex) does not depend on x and the spaces at different points x are isomorphic
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to a the fixed space L2(F) (as topological vector spaces). A vector bundle with fibre
L2(F) is then defined by specifying transition functions τU1,U2 between open sets
U1, U2 ⊂ B. In our case, these are induced by the local trivialisations Φj :pi−1M (Uj)→
Uj × F and Ψj : Π−1E (Uj) → Uj × F , j ∈ {1, 2}, of the bundles M
piM−−→ B and
E ΠE−−→ B, respectively:
τU1,U2 : (U1 ∩ U2)× L2(F)→ (U1 ∩ U2)× L2(F), (x, φ) 7→
(
x, τU1,U2(x)φ
)
with
τU1,U2(x)φ := Ψ1|Ex ◦Ψ2|−1Ex ◦ φ ◦ Φ2|Mx ◦ Φ1|−1Mx .
This defines a topological vector bundle over B with typical fibre L2(F) that we
denote by HF . Similarly, we construct a vector bundle DF ⊂ HF over B with fibres
(DF )x = D(HF (x)). We treat these as Hermitian vector bundles with the natural
pairings induced by h, ∇E and gV. The spaces of continuous and fibre-wise maps
between vector bundles clearly have a vector bundle structure and the vertical
operator HF as well as the associated spectral projection P0(x) define bounded
sections of L(DF ,HF ) respectively L(HF ).
The finite multiplicity of the eigenvalues of HF (x) immediately implies the finite
rank of the projection P0(x) for all x ∈ B. If λ additionally satisfies Condition 1,
P0 is a continuous section of L(HF ) (see Proposition 3.6), and rank(P0) = Tr(P0)
must be constant. Hence, the eigenspace bundle P := P0HF is a well-defined
(topological) subbundle of HF of finite rank (this bundle also has a natural smooth
structure, since HF has a smooth family of eigenfunctions, see [Lam14, Prop. B.7]).
Via the identification H ∼= L2(HF ) (see [Lam14, Corollary B.6]), the operator P0
defines a bounded operator on H, whose image P0H is isomorphic to L2(P), the
L2-sections of the finite-rank vector bundle piP : P → B.
The adiabatic operator Ha acts on L2(P), and on this space we have
(H −Ha)P0 = [H,P0]P0 =
[−ε2∆EH + εH1, P0]P0.
This commutator is of order ε as an operator from D(H) to H. We want to caution
that for a fixed horizontal vector field X, ∇EεX is in itself not of order ε, as εX
is of fixed gε-length. However, an expression such as [∇EεX , P0]P0, that appears in
the commutator, is of order ε because it is essentially ε-times the derivative of the
ε-independent object P0.
The commutator [H,P0] being of order ε implies that the space P0H = L2(P) is
invariant under H up to errors of order ε, and Ha gives an approximation of H on
this space with errors of this order. Starting from this point, we will improve the
approximation and find projections Pε such that PεH is invariant under H up to
errors of order εN (for any given N ∈ N). This generalises the work of the second
author with Teufel [LT17], where such an approximation was derived for the scalar
case E = M × C, ∇E = d. The generalisation of these results to vector bundles
requires an in-depth discussion of the analytical setup. We discuss the structure
of the fibre bundle E ΠE−−→ B, whose fibre Ex is the vector bundle E |Mx ∼= F ,
in Section 2 and show that it inherits a specific form of bounded geometry from
E → M and M → B in Proposition 2.8. We then show how ∇E gives rise to a
covariant derivative onHF , which can be used to calculate objects such as [∇EεX , P0]
locally over U ⊂ B, even though the fibres of the bundle E ΠE−−→ B may themselves
have a non-trivial bundle structure F → F (see Lemma 3.1). With this setup
in place, the construction of Pε can be performed along the lines of [LT17], whose
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method is inspired by space-adiabatic perturbation theory, which was developed for
flat geometries in the context of the Born-Oppenheimer approximation, see [MS02,
Sor03, Teu03, NS04, PST07, MS09]. We also provide an improved version of an
important lemma in this construction (Lemma 3.10).
We will begin by stating our main result and discussing some of its corollaries.
We then work out the details of our geometric and analytical framework in Section 2
and prove the main theorem in Section 3.
1.1. Main Results. We will assume throughout that the underlying geometry
obeys appropriate boundedness properties (Condition 2, see Section 2), that the
potential V ∈ C∞b (End(E)) is symmetric, smooth and bounded with all its deriva-
tives (cf. Definition 2.1) and that the operator H1 satisfies Condition 3 (Section 3).
Our main result is the existence of a super-adiabatic projection Pε, close to P0,
which almost commutes with H.
Theorem 1.1. Let λ be an eigenband of HF with a spectral gap (Condition 1)
and let P0 be the associated fibre-wise spectral projection. Then, for all N ∈ N
and Λ > 0, there exists an orthogonal projection Pε ∈ L(H) ∩ L(D(H)), satisfying
Pε − P0 = O(ε) in L(H) and L(D(H)), such that
‖[H,Pε]%(H)‖L(H) = O(εN+1)
for every Borel function %:R→ [0, 1] with support in (−∞,Λ].
Once the construction of the super-adiabatic projection Pε is established for some
fixed N ∈ N and Λ > 0 we can construct a unitary operator Uε that intertwines
Pε and P0 (i.e., UεP0 = PεUε). It is given by the Sz.-Nagy formula (with the
abbreviations P⊥0 := 1H − P0 and P⊥ε := 1H − Pε)
Uε :=
(
PεP0 + P⊥ε P⊥0
)(
1H − (P0 − Pε)2
)1/2
.
We then define the associated effective operator
Heff := U∗εPεHPεUε. (3)
This operator is self-adjoint on U∗εPε D(H) ⊂ L2(P), due to the fact that
[H,Pε] = [H,P0] + O(ε) = O(ε) and the Kato-Rellich theorem. While H acts
on L2-sections of E (a finite-rank vector bundle over M), Heff acts on L2-sections
of P (a finite-rank vector bundle over the lower dimensional manifold B). Hence,
the approximation of the initial operator by the effective operator is a dimensional
reduction procedure.
The existence of the almost invariant subspace PεH for H gives rise to various
corollaries on the approximation of spectral and dynamical properties of H using
the effective operatorHeff . We will state some of these and explain the general ideas
behind them. These corollaries depend only on the general structure of Theorem 1.1
and not on the details of the problem, such as the choice of H = L2(E). We thus
refer to [LT17] for complete proofs and focus here on the construction of Pε.
The existence of the effective operator allows us to locate (part of) the spectrum
of H with high precision, by taking the eigenfunctions (or a Weyl sequence) of Heff
as quasi-modes for H.
Corollary 1.2. Let N ∈ N and Λ > 0 be as in Theorem 1.1, and let Heff be the
associated effective operator (3). Then, for every δ > 0 there exist constants ε0 > 0
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and C > 0 such that for all µ ∈ σ(Heff) with µ ≤ Λ− δ one has
dist
(
µ, σ(H)
) ≤ CεN+1
for all 0 < ε < ε0.
Conversely, we cannot expect to always find spectrum of Heff near that of H. For
instance, if the spectrum of HF consists solely of separated bands {λj}j∈N, then
their projections P j0 give an orthogonal decomposition 1H = ⊕j∈NP j0 . By Theo-
rem 1.1, H is almost diagonal with respect to this decomposition, so its spectrum
is approximated by the union of the spectra of the effective operators. For a given
µ ∈ σ(H) we do not know a priori to which of these sets it is close.
If, however, ψ ∈ D(H) has energy 〈ψ,Hψ〉H ≤ Λ for some Λ ∈ R and −ε2∆EH +
εH1 ≥ −Cε is bounded below, only finitely many spectral projections P j0 , namely
those associated with eigenbands with infx∈B λj(x) < Λ, contribute significantly
to ψ, because
Λ ≥ 〈ψ,Hψ〉H =
∑
j∈N
〈
ψ, (−ε2∆EH + εH1 + λj)P j0ψ
〉
H ≥ inf λj +O(ε).
If we choose Λ small enough, only the ground state band λ0(x) := min σ
(
HF (x)
)
should contribute and we do expect mutual approximation of the spectra. In fact,
for energies below Λ1 := infx∈B(σ(HF )\λ0) the operators H and Heff are almost
unitarily equivalent.
Corollary 1.3. Let λ0(x) := inf σ(HF (x)) be the ground state band. Suppose this
satisfies Condition 1 and let Heff be the effective operator (3) for given constants
N ∈ N and Λ > 0. Assume that −ε2∆EH + εH1 is bounded from below by −Cε
for some constant C > 0. Then, for every cut-off function χ ∈ C∞0 (R), with
χp ∈ C∞0 (R) for all p ∈ (0,∞) and support in (−∞,Λ1), we have
‖U∗εHχ(H)Uε −Heffχ(Heff)‖L(H) = O(εN+1).
To gain a better intuition for the effective operator, it is useful to study its
expansion in powers of ε. Using that Uε = P0 +O(ε), the effective operator
Heff = U∗εPεHPεUε = P0HP0 +Hsa (4)
can be expanded as an adiabatic operator Ha and a remainder Hsa, which incorpo-
rates the super-adiabatic corrections. It follows from the properties of Uε that the
remainder is of order ε2 in L(W 2(P), L2(P)). A formal expansion of Hsa can be
obtained from the explicit construction of Pε (see Lemma 3.11). The leading part
is given by
M := P0[P0, H]RF (λ)[P0, H]P0,
where RF (λ) := (HF − λ)−1P⊥0 stands for the reduced resolvent associated with
the eigenband λ. If H1 is a second-order differential operator, the action ofM may
involve horizontal derivatives of fourth order, and then does not define a bounded
operator from W 2(P) to L2(P). To make the expansion rigorous, we thus need to
regularise this expression. The precise statement is that∥∥Heffχ2(Heff)− χ(Heff)(Ha +M)χ(Heff)∥∥L(L2(P)) = O(ε3).
for an appropriate cut-off function χ ∈ C∞0 with support in (−∞,Λ] (see [Haa16,
Prop. 4.10]).
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An important example of a Laplace-type operator on a non-trivial vector bundle
is the Hodge Laplacian on differential forms. We now explain how to treat its adi-
abatic limit in our setting. This requires writing the Laplacian using a connection,
rather than the (co-) differentials d and δε; see [ALK00] for an exposition in that
formalism.
Example 1.4. Let E := ΛpT∗M ⊗ C be the bundle of complex valued p-forms
on M . This comes naturally with a bundle metric Gε = g⊗pε and an (ε-dependent)
connection ∇LC,p induced by the Levi-Cività connection of gε. The Hodge Lapla-
cian (w.r.t. gε) on E can be written as
δε d + d δε = −Trgε(∇LC,p)2 +W,
where the action of the potential W ∈ C∞(End(E)) is determined by the curvature
tensor Rp of ∇LC,p via
(Wω)(X1, . . . , Xp) =
p∑
j=1
Trgε
(Rp(·, Xj)ω)(X1, . . . , Xj−1, ·, Xj+1, . . . , Xp), (5)
for vector fields X1, . . . , Xp onM . Note that the potentialW depends on ε through
the gε-trace and the ε-dependence of Rp, which is associated with Gε. Recall also
that (∇LC,p)2 is defined by
(∇LC,p)2(X,Y ) = ∇LC,pX ∇LC,pY −∇LC,p∇gε
X
Y
.
In order to fit this into our general setting, we want to choose an ε-independent
bundle metric h. To do this, we rescale horizontal forms by appropriate factors. Let
PV and PH denote the orthogonal projections to the vertical and horizontal bundles
VM , HM , respectively. Define a map
θ:TM → TM, X 7→ PVX + ε−1PHX.
Obviously, θ is an isometry from (TM, gε) to (TM, g) (with ε = 1). Now choose
h = g⊗p = Gε=1 and let θp be the induced isometry (E , Gε)→ (E , h) (note that θ1 =
(θT )−1 maps pi∗Mν to εpi∗Mν for ν ∈ C∞(T∗B ⊗ C)). Then ∇p,ε := θp∇LC,p(θp)−1
is an ε-dependent family of metric connections on (E , h). The action of these
connections is determined by the action of θ∇LCθ−1 =: ∇ε on vector fields. This
can be described as follows: Let Y1, Y2 be vertical vector fields, X1, X2 vector fields
on B, and denote their horizontal lifts by X∗1 , X∗2 (these are the unique horizontal
vector fields satisfying TpiMX∗i = Xi). Let ∇V be the Levi-Cività connection of the
vertical metric, WF :C∞(HM) → C∞(End(VM)) be the Weingarten map of the
fibres (for ε = 1) and let Ω:C∞(VM)→ C∞(End(HM)) be the integrability tensor
of the horizontal distribution defined by
g
(
Ω(Y1)X∗1 , X∗2
)
= g
(
Y1, [X∗1 , X∗2 ]
)
.
Using the Koszul formula, one calculates
∇εY1Y2 = ∇VY1Y2 + ε2PH∇ε=1Y1 Y2
∇εX∗1X
∗
2 = (∇gBX1X2)∗ + εPV[X∗1 , X∗2 ]
∇εX∗1 Y1 = PV[X
∗
1 , Y1] +WF (X∗1 )Y1 − 12εΩ(Y1)X∗1
∇εY1X∗1 = εWF (X∗1 )Y1 − 12ε2Ω(Y1)X∗1 .
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Note that this connection is torsion-free only if ε = 1 (or if WF = Ω = 0, in
which case the connection is independent of ε). From this we see that ∇p,ε depends
smoothly on ε at ε = 0 and we may set ∇E = ∇p,0. We then have
θp Trgε(∇LC,p)2(θp)−1 = Trgε(∇p,ε)2 = Trgε(∇E)2 + εH˜,
where εH˜ collects all ε-dependent terms of ∇p,ε. Furthermore,
Trgε(∇E)2 = Trgε
(
∇E· ∇E· −∇E∇LC· ·
)
= TrgV
(
∇E· ∇E· −∇E∇V· ·
)
+ ε2 Trpi∗
M
gB
(
∇E· ∇E· −∇E∇gB· ·
)
− ε2∇EηV
=: ∆V + ε2∆EH,
with the mean curvature vector of the fibres ηV = TrgV(PH∇ε=1· ·). We then set
H := θp(δε d + d δε)(θp)−1 = −ε2∆EH −∆EV + εH˜ + θpW (θp)−1,
which is of the form we suppose in general.
One can additionally choose V = θpW (θp)−1|ε=0, which leads to θpW (θp)−1 =
V + εV˜ , and
HF := −∆EV + V, H1 = H˜ + V˜ .
With these choices, we have
H = −ε2∆EH + εH1 +HF .
One can check that (note that the trace over horizontal directions yields a pre-
factor ε2; see also [ALK00]) the action of the vertical operator HF on ω ∧ pi∗Mν
with ω ∈ C∞ (Λq(VM)∗ ⊗ C) and ν ∈ C∞ (Λp−qT∗B ⊗ C) is just that of the Hodge
Laplacian on q-forms of the fibre (multiplied by the the identity on pi∗MΛp−qT∗B).
When ∂M = ∅ = ∂F , an example of an eigenband is given by λ(x) ≡ 0. This
is the ground state band since HF = (dF + d∗F )2 is non-negative. It satisfies the
gap condition under our boundedness assumptions on the geometry of M piM−−→ B,
explained in Section 2. The range of the associated projection P0(x) is given by
ran
(
P0(x)
)
=
p⊕
q=0
H q(Mx,C)⊗
(
Λp−qT ∗xB
)
,
where H q(Mx,C) is the q-th de Rham cohomology of Mx with values in C. The
eigenspace bundle P is thus given by differential forms on the base with values in
the cohomology of the fibres. By Corollary 1.2, the effective operator Heff acting
on L2-sections of P can be used to find small (approximate) eigenvalues of H with
arbitrary precision. For compactM these are related to the Leray spectral sequence
for the de Rham cohomology of M , see [MM90].
We remark that while this choice of vertical operator is certainly natural it
may sometimes be convenient to add some of the terms in H1, in particular those
containing vertical derivatives, to HF . This will lead to ε-dependent spectral pro-
jections and eigenvalues but this dependence can easily be treated perturbatively,
see Remark 3.8. In the example at hand, adding all the terms in H1 containing
vertical derivatives to HF leads to an operator −ε2∆H + εH1 which satisfies the
conditions of Corollary 1.3. The small eigenvalues of H are thus exactly those of
the effective operator constructed in this way.
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We emphasise that when ∂M 6= ∅ we only treat Dirichlet conditions and not the,
perhaps more natural, mixed relative/absolute boundary conditions. This limita-
tion stems from the fact that, in order to view HF (x) as a section of L(DF ,HF ),
we need the boundary condition to be fibrewise. This is of course not the case for
Neumann conditions when the normal to ∂Mx with respect to gV is different from
that for ∂M with respect to gε. Note, however, that these normals become equal
in the limit ε→ 0, so a generalisation of our methods to such boundary conditions
seems possible.
2. Bounded geometry
In order to set up our analysis, we will need a good notion of bounded geome-
try for the involved objects. We will assume here the basic notions for manifolds
without boundary and vector bundles over such manifolds. A detailed discussion
of these is given by Eichhorn [Eic07].
We will use the following, coordinate-independent, definition of bounded tensors.
Definition 2.1. Let (E , h,∇E)→ (M, g) be a vector bundle with bundle metric h
and compatible connection ∇E . Equip the bundles T∗M⊗j ⊗ E with the metric G
induced by g and h and the connection ∇j induced by the Levi-Cività connection
on TM and ∇E on E . A smooth section σ ∈ C∞(E) is Ck-bounded if there is a
constant C(k) such that for all j ∈ {0, . . . , k}
sup
p∈M
Gj(∇jσp,∇jσp) ≤ C(k) .
The set of C∞-bounded sections, denoted by C∞b (E), is the set of sections that are
Ck-bounded for all k ∈ N.
Any definition of bounded geometry for a certain class of objects brings with
it the existence of specific normal coordinates. For complete manifolds these are
geodesic coordinates around appropriately selected points. For a vector bundle
over such a manifold, endowed with a bundle metric and compatible connection,
the normal coordinates are given by trivialisations over geodesic coordinate charts,
obtained by parallel transport of a given frame along the geodesics. For manifolds
with boundary a concept of bounded geometry was introduced by Schick [Sch01].
Definition 2.2. A Riemannian manifold (M, g) with boundary ∂M is a ∂-manifold
of bounded geometry if the following hold:
• Normal collar : Let ν be the inward pointing unit normal of ∂M . There
exists rc > 0 such that the map
b: ∂M × [0, rc)→M , (p, t) 7→ expp(tν)
is a diffeomorphism to its range.
• Injectivity radius of the boundary: The injectivity radius of ∂M with the
induced metric is positive, rinj(∂M, g|∂M ) > 0.
• Injectivity radius in the interior : There is rint > 0 such that for all r < rint
and p ∈ M with dist(p, ∂M) > rc/3 the exponential map restricted to
Br(0) ⊂ TpM is a diffeomorphism to its range.
• Curvature bounds: The curvature tensor ofM and the second fundamental
form S of ∂M are C∞-bounded tensors on M and ∂M respectively, in the
sense of Definition 2.1.
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The normal coordinate charts associated with such a manifold are given by geo-
desic coordinate charts around points in the interior with dist(p, ∂M) > rc/3 and,
near the boundary, by the composition of a geodesic chart in ∂M with the boundary
collar map b defined above.
The following definitions provide the notions of vector bundles of bounded ge-
ometry over manifolds with boundary and their natural trivialisations.
Definition 2.3. A vector bundle with metric connection (E , h,∇E)→ (M, g) over
a Riemannian manifold with boundary is of bounded geometry if (M, g) is of ∂-
bounded geometry and the curvature tensor RE associated to ∇E and all its covari-
ant derivatives are bounded with respect to the metrics induced by h and g.
Definition 2.4. Let (E , h,∇E) → (M, g) be a Cn-vector bundle of bounded ge-
ometry, U ⊂ M open and τ : E |U → U × Cn be a local trivialisation. We call τ
admissible if there is a normal coordinate chart κ:U → Rm and τ coincides with a
trivialisation obtained by parallel transport of an h-orthonormal frame along radial
geodesics, if κ is an interior chart, or geodesics in ∂M composed with geodesics
orthogonal to the boundary, if κ is a boundary chart.
If E →M is of bounded geometry and we choose normal coordinates, the metric g
and the connections ∇E are expressed by smooth and globally bounded functions.
Hence, in this case, Definition 2.1 is equivalent to requiring that the section σ,
expressed in these charts, be smooth and bounded, with global bounds.
In our setting the base manifold B has no boundary and we assume that (B, gB)
is of bounded geometry in the usual sense. The typical fibre F of M is compact,
so it is of ∂-bounded geometry for any smooth metric. For the total space M we
will assume a uniformity condition on its structure, i.e., its local trivialisations.
Definition 2.5. Let (M, g) piM−−→ (B, gB) be a Riemannian fibre bundle over a
manifold of bounded geometry B with typical fibre F . The structure (M, g, piM ) is
said to be uniformly locally trivial if there exists a metric gF on F such that for all
r < rinj(B, gB) and x ∈ B there is a local trivialisation
Φ:
(
pi−1M (Br(x)), g
)→ (Br(x)× F, gB × gF )
such that
TΦ ∈ C∞b
(
T∗M |pi−1
M
(Br(x)) ⊗ Φ∗T(Br(x)× F )
)
T(Φ−1) ∈ C∞b
(
T∗(Br(x)× F )⊗ (Φ−1)∗TM |pi−1
M
(Br(x))
)
are bounded tensors, uniformly in x.
A detailed discussion of this concept can be found in [Lam14]. In particular,
this property implies that (M, g) is of ∂-bounded geometry, as defined above.
Remark 2.6. A related concept is that of a foliation of bounded geometry, in-
troduced by Sanguiao [San08] and given a coordinate-free form by Álvarez Lopez,
Kordyukov and Leichtnam [ALKL14]. When ∂M = ∅ = ∂F , Definition 2.5 implies
that (M, g) with its foliation into fibres is a foliation of bounded geometry in the
sense of [San08, ALKL14]. The trivialisations Φ of M provide suitable coordinate
systems of product form, whose size can be estimated by the uniform lower bound
on the injectivity radius of Mx (with the induced metric) given by [Lam14, Lem.
A.7]. However, bounded geometry in the sense of [San08, ALKL14] does not imply
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uniform local trivialisability, because the choice of a fixed reference metric gF on F
gives global (upper) bounds on quantities such as the volume of Mx, whereas the
purely local definition of [San08, ALKL14] cannot achieve this.
With all the necessary definitions at hand, we can now summarise our conditions
on the geometry:
Condition 2. We require that
(i) (B, gB) is a complete, connected manifold of bounded geometry,
(ii) F is a compact manifold with boundary,
(iii) piM : (M, g) → (B, gB) is a uniformly locally trivial fibre bundle with fi-
bre F ,
(iv) piE : (E , h,∇E)→ (M, g) is a vector bundle of bounded geometry.
Together, these hypothesis imply additional boundedness properties for (M, gε)
and the bundle ΠE : E → B that will play an important role in our analysis. In
the following, Proposition 2.7 gives ε-uniform bounded geometry of the total space
(M, gε) and Proposition 2.8 shows that the induced bundle ΠE : E → B inherits a
form of bounded geometry.
Proposition 2.7. Under the hypothesis i)–iii) of Condition 2, (M, g) is a ∂-
manifold of bounded geometry in the sense of Definition 2.2. Furthermore, (M, gε)
is of ∂-bounded geometry for every 0 < ε ≤ 1 and the constants rc, rinj(∂M), rint
and C(k), k ∈ N can be chosen as those of (M, g).
A proof of this statement can be found in [Lam14, Prop. A.4, A.9].
Proposition 2.8. Asssume Condition 2. The map ΠE = piM ◦ piE : E → B is a
fibre bundle whose typical fibre F is a vector bundle over F . Moreover, there exists
rE ∈ (0, rinj(B, gB)) such that for every x ∈ B and r < rE there is a trivialising
bundle map
Θ: Π−1E (Br(x))→ Br(x)× F
with the following boundedness property: Let Φ be as in Definition 2.5, let ιx :=
Φ−1|{x}×F be an embedding of the fibre and equip F with the pulled-back metric
and connection hF = ι∗xhE , ∇F = ι∗x∇E . For all admissible trivialisations (Defini-
tion 2.4) α of E |pi−1
M
(Br(x)) over U ⊂M and β of F over V ⊂ F , the maps
β ◦Θ ◦ α−1 ◦ (Φ−1, 1) and (Φ, 1) ◦ α ◦Θ−1 ◦ β−1
are linear transformations on Cn, C∞-bounded on (Φ(U) ∩ (Br(x)× V )), uniformly
in x.
Proof. The statement that ΠE : E → B is a fibre bundle is of course just the existence
of local trivialisations. We will prove this in detail, as the explicit construction of
trivialisations together with the bounds on M yield boundedness.
Fix for the moment x0 ∈ B, r < rinj(B, gB) and Φ:pi−1M (Br(x0)) → Br(x0)× F ,
as above. The idea is to take a diffeotopy ρt, t ∈ [0, 1], between Φ−1 and Φ−1(x0, ·)
such as
ρt(x, y) = Φ−1
(
expBx0(t exp
−1
x0 (x)), y
)
.
This yields an isomorphism of the pulled-back vector bundles (see Hatcher [Hat03])
ρ∗1E = (Φ−1)∗E ∼= E |Φ−1(Br(x0)×F )
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and
ρ∗0E =
{
(x, y, e) ∈ Br(x0)× F × E
∣∣piE(e) = Φ−1(x0, y)} = Br(x0)× ι∗x0Ex0 .
Composition of this isomorphism with the map (Φ, 1): E → (Φ−1)∗E gives a trivi-
alisation. The local trivialisations and connectedness of B clearly imply that the
possible choices of F = ι∗xEx are all isomorphic (as smooth vector bundles).
To show boundedness, we will need to be more specific and make some concrete
choices in the construction, which follows that of [Hat03, Prop. 1.7]. Take x0, Φ
and ρt as above. We consider the bundle
ρ∗E = {(t, x, y, e) ∈ [0, 1]× Br(x0)× F × E∣∣piE(e) = ρt(x, y)}
over [0, 1] × Br(x0) × F , with ρ∗E |t=t0 = ρ∗t0E . The idea is that this interpolates
between ρ∗1E and ρ∗0E , which allows us to patch together local isomorphisms given
by trivialisations.
The uniform trivialisations of M give us equivalence of the distance functions of
Φ∗(gB × gF ) and g as well as Φ∗(gF |∂F ) and g|∂M with uniform constants. This
allows us to choose rE > 0 such that there is a finite system of normal coordinate
charts {(Vµ, κµ)|µ ∈ {1, . . .K}} of (F, gF ) in a way that for every x0 ∈ B the set
Φ−1(Br(x0)× Vµ) is contained in a normal chart of M if r < rE .
Choose from now on r < rE and let {χµ|µ} be a smooth partition of unity on F
subordinate to the cover {Vµ|µ}. Consider the functions ξµ(y) :=
∑µ
ν=1 χν(y),
ξ0 ≡ 0, and their graphs Ξµ := {(t, x, y)|t = ξµ(y)}. Define a vector bundle over
Br(x0) × F by Eµ := ρ∗E |Ξµ . Note that the fibre of Eµ at (x, y) is the fibre of
E at ρξµ(y)(x, y). Since ξ0 = 0, ξK = 1, this interpolates between E0 = ρ∗0E and
EK = ρ∗1E .
Now let
τµ: EΦ−1(Br(x0)×Vµ) → Φ−1(Br(x0)× Vµ)× Cn
be an admissible trivialisation. For any λ ∈ {0, . . . ,K} this gives a trivialisation of
Eλ over Vµ by
ϑλ,µ:Eλ|Vµ → Br(x0)× Vµ × Cn (ξλ(y), x, y, e) 7→ (x, y,pr2τµ(e)). (6)
As ξµ = ξµ−1 on F \Vµ, we have Eµ = Eµ−1 on Br(x0)×(F \Vµ) for µ ∈ {1, . . . ,K}.
Hence, we can define an isomorphism from Eµ to Eµ−1 by
θµ :=
{
ϑ−1µ−1,µ ◦ ϑµ,µ over Br(x0)× Vµ
1 over Br(x0)× (F \ Vµ) .
Note that ϑ−1µ−1,µ ◦ ϑµ,µ is the identity wherever χµ = 0, in particular near the
boundary of Vµ, so there is no discontinuity there. Now the finite composition
Θ˜ := θ1 ◦ · · · ◦ θK
provides a concrete isomorphism from ρ∗1E = EK to ρ∗0E = E0. We then take
Θ := Θ˜ ◦ (Φ, 1): E |pi−1
M
(Br(x0)) → Br(x0)× F .
Now take trivialisations α, β as in the statement of this proposition and let α˜ be
the induced trivialisation of (Φ−1)∗E over Φ(U). Suppose that Φ(U) ∩ (Br(x0) ×
V ) 6= ∅ (otherwise the statement is trivial) and take a point (x, y) in this set. Let
L = {µ ∈ {1, . . . ,K}|y ∈ Vµ} and denote the elements of L by λ0 < · · · < λ|L|.
Then, on an open neighbourhood of (x, y), we have χµ = 0 for µ /∈ L and hence
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Θ˜ = θλ1 ◦ · · · ◦ θλ|L| . Since also ϑλj−1,λj = ϑλj−1,λj for j ∈ {0, . . . , |L|} (with
λ0 = 0), we find
β ◦ Θ˜ ◦ α˜−1 = (β ◦ ϑ−10,λ1) ◦ (ϑλ1,λ1 ◦ ϑ−1λ1,λ2) ◦ · · · ◦ (ϑλ|L|,λ|L| ◦ α˜−1). (7)
The intermediate terms ϑλj ,λj ◦ ϑ−1λj ,λj+1 are transition functions of the bundle Eλj
over Vλj ∩Vλj+1 . In view of (6), they are given by the composition of the transition
function τ−1λj ◦ τλj+1 with the map (x, y) 7→ ρξλj (y)(x, y). They are thus smooth,
with bounds determined by those of τ , χ and (B, gB).
Since Eλ|L| = EK = (Φ−1)∗E near (x, y), the term on the right of (7) is just
(Φ, 1) ◦ τλ|L| ◦ α−1 ◦ (Φ−1, 1), so it is essentially a transition function between ad-
missible trivialisations of E .
As for the first term, ϑ0,λ1 is obtained from the restriction of τλ1 to Ex, but this
does not necessarily give an admissible trivialisation of F → F , as it is obtained
using normal coordinates on M , which do not, in general, restrict to normal coor-
dinates on Mx (for example if Mx is not totally geodesic). However, at the cost of
introducing an additional transition function in both F and E , we may assume that
β and (Φ, 1)◦ τλ1 are associated with normal coordinates centred at the same point
(x0, y). Since both trivialisations are obtained by parallel transport, the transition
function is then just the holonomy of ∇E along a closed, piecewise smooth, curve
in M (e.g. for an interior chart the composition of a geodesic in (Mx, gV) with a
geodesic in (M, g) that starts and ends on Mx). This can be bounded in terms
of the curvature of ∇E by writing it as the solution to a differential equation (see
Große and Schneider [GS13, Lem. 5.13]). Since these bounds are independent of x
and y this proves the claim. 
We remark that choosing a different metric and connection on F still gives
bounded trivialisations, by compactness of F . However, the bounds may then
depend on x, as can be seen by simply scaling a given metric h0 by an x-dependent
factor γ(x) > 0, h|Ex = γ(x)h0.
We will use Sobolev spaces of sections of E →M that are adapted to the scaling
of gε. To define these, fix r < rE (cf. Proposition 2.8) and choose points {xν | ν ∈
N} such that the geodesic balls Uν := Br(xν) cover B, with finite and globally
bounded local multiplicity. Let {χν | ν ∈ N} be a subordinate partition of unity and
Xν1 , . . . , X
ν
d , d = dim(B), an orthonormal frame of vector fields over Uν , all of which
are C∞-bounded uniformly in ν (for the existence of these objects see [Eic07]).
Let Φν ,Θν be trivialisations of pi−1M (Uν), Π
−1
E (Uν) with the properties given in
Proposition 2.8. Finally, let ιν :F → Mxν be the inclusion of the fibre and set
Fν := ι∗νE with the induced Riemannian metric on F , bundle metric and connection.
Denote furthermore by pr2 the projection to Fν , the second factor of Uν ×Fν , and
define WΘν := pr2 ◦ Θν ◦ (Φ−1ν )∗, that is (WΘνϕ)(x, y) = pr2Θνϕ(Φ−1ν (x, y)), for
any section ϕ of E |pi−1
M
(Uν) and (x, y) ∈ Uν × F .
Then the norm of W kε (E) is defined by
‖ψ‖2Wkε (E) (8)
:=
∑
ν∈N
∑
α∈Nd
|α|≤k
∫
Uν
∥∥∥ε|α|WΘν (∇EΦ∗Xν1 )α1 · · ·(∇EΦ∗Xνd)αd (pi∗Mχν)ψ∥∥∥2Wk−|α|(Fν) volgB .
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The norm of W `(Fν) is defined in the canonical way, see [Sch96] for a detailed
discussion of these issues.
The space W kε (E) is the closure of C∞0 (E) under this norm, and W k0,ε(E) is the
closure of those sections ψ ∈ C∞0 (E) with supp(ψ) ⊂ M \ ∂M . This norm is
equivalent to that defined using the metric gε, h and ∇E in [Sch96], up to a global
factor εd due to the scaling of the volume form on B. More precisely,
C−1 ‖ψ‖Wkε (E) ≤ ε
d ‖ψ‖Wk(E,gε,h) ≤ C ‖ψ‖Wkε (E) ,
with an ε-independent constant.
The ellipticity of−∆Egε with Dirichlet conditions (see [Sch96] and [Haa16, Prop. 2.15])
then gives the estimate
C−1
(∥∥∆Egεψ∥∥Wkε (E) + ‖ψ‖H) ≤ ‖ψ‖Wk+2ε (E) ≤ C (∥∥∆Egεψ∥∥Wkε (E) + ‖ψ‖H) (9)
for all ψ ∈W 10,ε(E)∩W k+2ε (E), all k ∈ N and some constant C = C(k) independent
of ε.
3. Construction of the almost-invariant subspace
In this section we will construct the super-adiabatic projection Pε whose range
PεH is almost-invariant under H. Throughout, we will assume that Condition 2 is
satisfied and that the potential V ∈ C∞b (End(E)) is symmetric.
The projection is constructed recursively, starting from the spectral projection
P0, associated to a gapped eigenband λ, annihilating the commutators withH order
by order. To make these calculations rigorous, we work with an adapted calculus
that will be introduced in the next subsection. We will focus on those aspects
that are new compared to the previous work [LT17], i.e., where the vector bundle
structure of E plays a role. In parts of the proofs that are essentially independent
of this structure we will focus on the main ideas and refer to the existing literature
for technical details. A more detailed exposition of these aspects can be found
in [LT17] and the first author’s thesis [Haa16].
3.1. The framework. To make sense of commutators with the unbounded oper-
ator (H,D(H)) we need to make sure that certain operators map into the domain
of H. This involves keeping track of Sobolev-regularity and boundary conditions.
In order to achieve this over several steps in the recursive construction of Pε, we
will now introduce a calculus adapted to our problem.
Commutators such as [H,P0] can be expressed using commutators with ∇EX∗ ,
with X ∈ C∞(TB) (recall that X∗ denotes the unique horizontal vector field on
M with TpiMX∗ = X). Viewing P0 as a section of L(HF ) and L(DF ), it would
be nice to think of ∇EX∗ as a connection on these bundles, induced by ∇E via
the formula (∇HFX ψ)(y) = ∇EX∗yψ(y). There are, however, technical reasons why
this approach has to be modified. First, these infinite-rank bundles do not have
a natural differentiable structure, so it is not immediately clear to which sections
ψ such a formula should apply. Further, the horizontal lift X∗ of X might not be
tangent to ∂M . In that case, this formula does not give rise to a connection on
L(DF ), since ∇EX∗yψ(y) will not, in general, satisfy the Dirichlet condition when ψ
does.
For these reasons we will define the induced connection on L(HF ) and L(DF )
only locally, which is sufficient since the operators we deal with, e.g. [∇EX∗ , P0], are
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local with respect to B (in the sense that piM
(
supp([∇EX∗ , P0]ψ)
) ⊂ piM (supp(ψ))
for ψ ∈ C∞0 (E)).
Using the notation of Section 2, let x0 ∈ B be an arbitrary point, U = Br(x0)
be a normal coordinate neighbourhood with radius r < rE < rinj(B, gB), Φ an
admissible trivialisation of pi−1M (U), and Θ an admissible trivialisation of Π
−1
E (U).
Let again WΘ := pr2 ◦Θ ◦ (Φ−1)∗ and note that
(W−1Θ ψ)
(
Φ−1(x, y)
)
= Θ−1(x, ψ(x, y)),
for a section ψ of U × F → U × F . Moreover, WΘ and W−1Θ extend to bounded
operators between L2(E |pi−1
M
(U)) and L2(U×F), which we interpret as L2(F)-valued
L2-functions on U , i.e., L2(U,L2(F)).
Lemma 3.1. Assume the notation defined above and let ψ ∈ C1(U,L2(F)), then
∇ΘXψ := WΘ∇EΦ∗XW−1Θ ψ
defines a covariant derivative in the sense that
∇ΘXψ = Xψ +AΘ(X)ψ
with AΘ(X) ∈ C∞(U,L(L2(F))) ∩ C∞(U,L(W 2(F) ∩W 10 (F))).
The connection form AΘ is given by a smooth section of the bundle T∗B|U ×
End(F) over U×F . When F is equipped with the bundle metric hF and connection
∇F as in Proposition 2.8 this section and all its derivatives are bounded by constants
independent of U .
Proof. We will explicitly derive the form of AΘ, all of the claims then follow directly
from this. Let V ⊂ F be a normal coordinate neighbourhood. An admissible
trivialisation τ :F |V → V ×Cn gives rise to a trivialisation τ ◦Θ of E |Φ−1(U×V ). Let
τ˜ be another such trivialisation over V˜ . If V ∩V˜ 6= ∅, the transition function between
the trivialisations τ ◦Θ and τ˜ ◦Θ equals S := τ˜ ◦τ−1, which is the transition function
between the trivialisations of F . Let AΘ,τ ∈ C∞(T∗(U × V )) ⊗ Cn×n denote the
connection form representing the connection ∇E in the trivialisation τ ◦ Θ. Then,
by the specific form of S and the transformation formula for connection coefficients,
we have
AΘ,τ = S−1AΘ,τ˜S + dη,
where η ∈ C∞(V ∩ V˜ ,Cn×n) depends only on the fibre coordinates. Thus, dη
vanishes on vectors tangent to U ⊂ B and the restrictions of these (matrix-valued)
one-forms on U × V ∩ V˜ to TB yields
AΘ,τ |TB = S−1AΘ,τ˜ |TBS.
These local (on F ) expressions can thus be patched together, yielding a unique
End(F)-valued one form AΘ ∈ C∞(T∗B|U × End(F)) such that
AΘ|V ∩V˜ = τ−1
(
AΘ,τ |TB
)
τ = τ˜−1
(
AΘ,τ˜ |TB
)
τ˜ .
As the connection coefficients in admissible trivialisations are uniformly bounded
(see Eichhorn [Eic91], for the boundary charts see also [GS13, Thm. 5.13]), this
shows that AΘ is uniformly bounded with all its derivatives by Proposition 2.8.
Hence, AΘ(v), v ∈ TxU , viewed as an operator on L(L2(F)), restricts to an operator
in L(W k(F)) for every k ∈ N. Furthermore, since it acts pointwise, AΘ(v)W k0 (F) ⊂
W k0 (F), and the Dirichlet condition is preserved by AΘ. 
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Observe that the definition of ∇Θ above, together with Φ∗[X,Y ] = [Φ∗X,Φ∗Y ],
immediately gives the curvature operator as
RΘ(X,Y ) = WΘRE(Φ∗X,Φ∗Y )W−1Θ ,
where the right hand side has to be understood as a potential in C∞(End(F))
acting on L2(F).
Now let us sketch how we will use the connection ∇Θ for the computation of
commutators. Take X ∈ C∞b (TB) with gB-length of order one (so that εX is
bounded with respect to ε−2gB) and consider the commutator [∇EεX∗ , P0]|pi−1
M
(U).
Write X∗ = Φ∗X +Y with a smooth and bounded vertical field Y ∈ C∞b (VM) and
introduce WΘ to obtain
[∇EεX∗ , P0]|pi−1
M
(U) = W
−1
Θ [∇ΘεX ,WΘP0W−1Θ ]WΘ|pi−1
M
(U) + [ε∇EY , P0]|pi−1
M
(U).
The last term is clearly of order ε in L(HF ), because P0 is bounded from HF to
DF , independently of ε. For the first term, we apply Lemma 3.1 and obtain
W−1Θ [εX + εA
Θ(X),WΘP0W−1Θ ]WΘ|pi−1
M
(U).
The term involving εAΘ(X) is of order ε in L(HF ), by boundedness of AΘ. The re-
maining term is essentially ε-times the derivative ofWΘP0W−1Θ ∈ L∞(U,L(L2(F))).
The differentiability of this operator-valued function follows from the gap condition
and the differentiability of WΘHFW−1Θ , which we prove below, by rather standard
arguments. The choice of Φ∗X over X∗ as the direction of derivation is impor-
tant: The operator HF can only be differentiated in directions which respect the
Dirichlet conditions and Φ∗X is always tangent to ∂M .
Lemma 3.2. Assume the notation above. Then
WΘH
FW−1Θ ∈ C∞b
(
U,L (W 2(F) ∩W 10 (F), L2(F)) ).
Proof. For this proof, abbreviate D := W 2(F) ∩W 10 (F) and fix the norm on this
space to be the one induced by the Riemannian metric, bundle metric and connec-
tion at x0 ∈ U .
Recall that HF = −∆EV + V . Since the statement for V is trivial, we need to
discuss only the vertical Laplacian. Let {Vµ|µ ∈ {1, . . . ,K}} be a covering of F by
normal coordinate neighbourhoods and χµ a subordinate partition of unity. Then
observe that, for a local operator A ∈ L(D,L2(F)), we have
‖Aψ‖L2(F) =
∥∥∥A K∑
µ=1
χµψ
∥∥∥
L2(F)
≤
K∑
µ=1
∥∥A|Vµ∥∥L(D,L2(F)) ‖χµψ‖D
≤ C ‖ψ‖D sup
µ
∥∥A|Vµ∥∥L(D,L2(F)) . (10)
The operator A|Vµ denotes the restriction of A to sections with support in Vµ, so its
norm is given by the operator norm from D∩W 20 (F |Vµ) to L2(F). This shows that
it is sufficient to prove the claim for the restriction of WΘHFW−1Θ to an arbitrary
Vµ. Denote this set by V .
Let Y1, . . . Ym, m = dim(F ), be smooth, vertical vector fields over U × V that
form an orthonormal frame of TF |V with respect to (Φ−1)∗gV (see [LT17, Lem. 3.8]
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for a construction) and let∇ denote the Levi-Cività connection of this metric. Using
these, we can write
τ ◦WΘ∆EVW−1Θ ◦ τ−1 =
m∑
j=1
(
∇Θ,τYj ∇
Θ,τ
Yj
−∇Θ,τ∇YjYj
)
,
where τ : F |V → V × Cn is an admissible trivialisation of F over V and ∇Θ,τ =
d+AΘ,τ in the notation used in the proof of Lemma 3.1. This is clearly a differential
operator with smooth coefficients. Its (Lie-) derivative LX in the direction X ∈
C∞b (TB|U ) is
m∑
j=1
[(
LX∇Θ,τYj
)
∇Θ,τYj +∇
Θ,τ
Yj
(
LX∇Θ,τYj
)
−LX∇Θ,τ∇YjYj
]
,
and for any vertical vector field Y
LX∇Θ,τY = LX
(
Y +AΘ,τ (Y )
)
= [X,Y ] +
(
LXA
Θ,τ) (Y ) +AΘ,τ([X,Y ])
= ∇Θ,τ[X,Y ] +
(
LXA
Θ,τ) (Y ).
Since [X,Y ] is a vertical vector field, the derivative ofWΘ∆EVW
−1
Θ is again a second-
order differential operator and its norm in L(D,L2(F)) is bounded since the triv-
ialisation τ , the connection form AΘ,τ , and the vector fields Yj are C∞-bounded.
Higher-order derivatives can easily be calculated in the same way. The derivative is
in the sense of the operator norm because V is precompact and the vector fields Yj
extend smoothly to V , so the difference quotients of coefficients converge uniformly
to the derivative. This yields the derivative of the operator (WΘ∆EVW
−1
Θ , D), since
the domain D is fixed. 
In order keep track of differential operators and boundary conditions in iterated
commutators, we will introduce suitable algebras of operators. These are essentially
differential operators in the “directions” Φ∗X with coefficients in the fibrewise op-
erators L∞(HF ), respectively L∞(HF ,DF ), that depend smoothly on the direction
Φ∗X.
Definition 3.3. Let the objects U,Φ, Θ, WΘ be as above. The coefficient alge-
bras CU ⊂ L∞(L(HF )|pi−1
M
(U)) and CHU ⊂ L∞(L(HF ,DF )|pi−1
M
(U)) consist of those
operators A, for which WΘAW−1Θ is a smooth function from U to L(L2(F)) and
L(L2(F),W 2(F) ∩W 10 (F)), respectively.
In terms of commutators and in view of Lemma 3.1, for A ∈ CU this means that[
∇EΦ∗X1 ,
[
. . . [∇EΦ∗Xk , A] · · ·
]] ∈ L∞ (L(HF )|pi−1
M
(U)
)
, (11)
for any k ∈ N and vector fields X1, . . . , Xk ∈ C∞b (TB|U ), and similarly for A ∈ CHU .
Definition 3.4. Assume the notation above and let additionally X1, . . . , Xd be a
gB-orthonormal frame of uniformly C∞-bounded vector fields over U .
The algebraA consists of those continuous linear operatorsA ∈ L(W∞(E), L2(E))
satisfying
piM (suppAf) ⊂ piM (supp f)
for all sections f ∈W∞(E), such that
A|pi−1
M
(U) =
∑
α∈Nd
Aα(ε)ε|α|
(∇EΦ∗X1)α1 · · · (∇EΦ∗Xd)αd , (12)
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where the sum is finite, Aα ∈ CU and there exist constants C(α,m, ε), independent
of U , for which ∥∥WΘAα(ε)W−1Θ ∥∥Cm(U,L(L2(F)) ≤ C(α,m, ε). (13)
The algebra AH ⊂ A is the right ideal such that Aα(ε) ∈ CHU and the inequal-
ity (13) holds in the norm of Cm
(
U,L(L2(F),W 2(F) ∩W 10 (F))
)
.
To see that these are indeed algebras, note that (11) allows us to commute
derivatives past the coefficients (see also Equation (15) below). We may also reorder
derivatives, since
[∇EΦ∗Xi ,∇EΦ∗Xj ] = RE(Φ∗Xi,Φ∗Xj) +∇E[Φ∗Xi,Φ∗Xj ], (14)
and [Φ∗Xi,Φ∗Xj ] = Φ∗[Xi, Xj ] =
∑
k ΓkijΦ∗Xk, with smooth and bounded coeffi-
cients. Note that the factor ε|α| in (12) is natural, because the vector fields εΦ∗Xi
have gε-length one.
In order to control the number of derivatives, as well as the dependence on ε, we
introduce a double filtration of A, AH (from now on, we write A• in statements
that hold with and without the subscript H). Let Ak• be those A ∈ A• for which
Aα = 0 for |α| > k (and any U). These are differential operators of order at most
k in the directions Φ∗Xi. Then, let Ak,`• be the elements of order ε`, in the sense
that (13) holds (in the appropriate norm) with C(α,m, ε) = O(ε`), for all α and
m. Using Equations (11) and (14), one easily checks that Ak,`• Am,n• ⊂ Ak+m,`+n• .
In view of (8) it is clear that the elements of Ak• are bounded operators from
W kε (E) to L2(E) = W 0ε (E). We will denote this operator norm on Ak by ‖·‖k. We
then have ‖A‖k = O(ε`) for A ∈ Ak,`• . An important property is that, due to the
locality of A ∈ A• w.r.t. B, we can estimate these norms using local bounds, that
is
‖A‖k ≤ C sup
ν∈N
‖A|Uν‖k ,
where Uν is the covering of B used in (8) and A|Uν is the restriction of A to sections
with support in pi−1M (Uν) and the constant C depends on k, but not on ε. The proof
of this estimate is similar to the one for a finite cover (10) and relies on the fact
that the Uν ’s have bounded local multiplicity; See [Haa16, Rem. 3.6] for details.
Concerning the algebra AH we have the following lemma.
Lemma 3.5. An element A ∈ Ak,`H defines an operator from W k+2ε (E) to D(H) ⊂
W 2ε (E), whose norm is of order ε`.
Proof. The fact that AW k+2ε (E) ⊂W 2ε (E) follows immediately from the formula (8),
defining the Sobolev norm, the local expression (12) and the fact that the local
coefficients map L2(E |Mx) to D(HF (x)) ⊂ W 2(E |Mx). The image is contained in
the domain of H, because the Dirichlet boundary condition is fibrewise and thus
W 2ε (E) ∩ L2(DF ) = D(H). 
We now show that natural objects associated with HF are elements of A.
Proposition 3.6. Let z ∈ C∞b (B,C) with dist
(
z(x), σ(HF (x))
) ≥ δ > 0, then
RF (z) := (HF − z)−1 ∈ A0,0H . If λ is an eigenband with a gap (Condition 1) then
P0 is a continuous section of L(HF ), P0 ∈ A0,0H and λ ∈ C∞b (B,R).
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Proof. For the resolvent, we need to show that WΘRF (z)W−1Θ ∈ CHU . This follows
immediately from Lemma 3.2 and the identity
LXWΘR
F (z)W−1Θ = LX(WΘH
FW−1Θ + z)
−1
= −(WΘHFW−1Θ + z)−1
(
LXWΘH
FW−1Θ
)
(WΘHFW−1Θ + z)
−1,
for X ∈ C∞(TB|U ). The statement for the spectral projection is deduced from
this using functional calculus. The smoothness of λ follows from smoothness of
WΘH
FW−1Θ and WΘP0W
−1
Θ . 
Corollary 3.7. Let RF , λ, P0 as in Proposition 3.6 and denote P⊥0 = 1HF − P0,
then
RF (λ)P⊥0 = P⊥0 RF (λ) :=
(
P⊥0 H
FP⊥0 − λ
)−1 ∈ A0,0H .
Proof. Proposition 3.6 shows that the operator HFP⊥0 is smooth in the sense of
Lemma 3.2 and z(x) := λ(x) is separated from the spectrum of this operator. Thus,
by the arguments of Proposition 3.6, its resolvent
(
HFP⊥0 − λ
)−1 = RF (λ)P⊥0 is
an element of A0,0H . 
Remark 3.8. If HF = HF (ε) depends on ε, it follows easily from the proofs
above that P0, RF ∈ A0,0H , as long as Lemma 3.2 holds with ε-uniform bounds on
the derivatives. This is the case, for example, if V depends on ε but is ε-uniformly
bounded with all its derivatives.
In this scenario, we can perform the construction of Pε without any changes,
because it relies only on the calculus for A•.
In order to obtain a useful calculus, we still need to consider the horizontal
Laplacian ∆EH = Trpi∗MgB (∇E)2 −∇EηV .
Lemma 3.9. Let A ∈ Ak,`H and B ∈ Ak
′,`′
H . Then
[ε2∆EH, A] = O(ε`+1)
in L(W k+2ε (E),H), and
[ε2∆EH, A]B ∈ Ak+k
′+1,`+`′+1.
Proof. Let U , Φ and Xi be as in Definition 3.4. With this notation, we have
∆EH|pi−1
M
(U) =
d∑
i=1
∇EX∗
i
∇EX∗
i
−∇E(∇XiXi)∗ − (pi
∗
MgB) (X∗i , ηV)∇EX∗
i
.
Define vertical fields Yi by X∗i = Φ∗Xi+Yi and expand the expression for ∆EH using
this decomposition. We then have first-order terms, and second-order terms with
any combination of ∇EΦ∗Xi and ∇EYj . To prove the claim, we will commute all the
derivatives in the local expressions for [ε2∆EH, A] to the right.
To compute the commutators, let D ∈ A• and consider the form of D over U
given by Definition 3.4. We have
[∇EΦ∗Xi , D]|pi−1M =
∑
α∈N
ε|α|
(
[∇EΦ∗Xi , Dα]
(∇EΦ∗X1)α1 · · · (∇EΦ∗Xd)αd
+Dα
[
∇EΦ∗Xi ,
(∇EΦ∗X1)α1 · · · (∇EΦ∗Xd)αd ]). (15)
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The coefficient [∇EΦ∗Xi , Dα] is in C•U by Lemma 3.1, and the second line again
contains derivatives of order |α| by (14). Such a commutator thus preserves the
order of D, both in the number of derivatives and ε. This shows the claim for terms
like [∇EΦ∗Xi∇EΦ∗Xj , A] and those containing only one derivative in a direction Φ∗Xi,
i ≤ d.
In order to handle terms containing vertical derivatives, observe that
[∇EΦ∗Xi ,∇EYj ] = RE(Φ∗Xi, Yj) +∇E[Φ∗Xi,Yj ],
where [Φ∗Xi, Yj ] is vertical, because TpiM [Φ∗Xi, Yj ] = [TpiMΦ∗Xi,TpiMYj ] = 0.
We thus have, for example,[∇EΦ∗Xi ,∇EYjA] = ∇EYj [∇EΦ∗Xi , A]︸ ︷︷ ︸
∈Ak,`
H
+
(RE(Φ∗Xi, Yj) +∇E[Φ∗Xi,Yj ])A.
Iterating this calculation and using that ∇EYiA is bounded on W kε (E), by ellipticity
ofHF , we find that∇EYiA,∇EYi∇EYjA ∈ Ak,`, and the same for B. Since ε∇EYi = O(ε)
in L(W p+1ε (E),W pε (E)), for any p ∈ N, this proves the claim. 
Lemma 3.9 implies that
[ε2∆EH, P0] = [ε2∆EH, P 20 ] = [ε2∆EH, P0]P0 + P0[ε2∆EH, P0] = O(ε)
in L(W 2ε (E),H). In order to treat the full operatorH we need to require appropriate
conditions on the perturbation H1. We will express these in terms of the algebras
A•. It is easy to check that they are satisfied if H1 is a second-order differential
operator, symmetric on D(H), with (ε-uniformly) bounded coefficients.
Condition 3. The operatorH1 is bounded uniformly in ε fromW p+2ε (E) toW pε (E),
for all p ∈ N, symmetric on D(H) = W 10,ε(E) ∩W 2ε (E) and satisfies H1A ∈ Ak+2,`,
for all A ∈ Ak,`H .
With this assumption, we have
[H,P0] = [−ε2∆EH, P0] + εH1P0 − εP0H1 = O(ε) (16)
in L(D(H),H), because H1P0 ∈ A2,0 and P0H1 = O(1), by Condition 3. Note that
we should not consider this expression on W 2ε (E), as H is not defined there.
3.2. Proof of Theorem 1.1. We will now prove our main theorem. As a prelimi-
nary step, we construct in Lemma 3.10 below a sequence PN of almost-projections
in AH which are ε-close to P0 and commute withH up to errors of order εN+1. This
lemma is an improved version of a similar statement in [Lam14, LT17] with respect
to the order of PN ∈ AH . The super-adiabatic projection Pε is then obtained from
the PN using a construction due to Nenciu [Nen93].
Lemma 3.10. For every k ∈ N there exists Pk ∈ A2k,0H such that
PN =
N∑
k=0
εkPk
satisfies
1) (PN )2 − PN ∈ A4N,N+1H ,
2)
[
H,PN
]
A ∈ A2N+2+k,N+1+` for all A ∈ Ak,`H , and
3)
∥∥[H,PN]∥∥2N+2 = O(εN+1) on D(H).
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Proof. Take P0 = P 0 as a starting point. This is an element of A0,0H by Propo-
sition 3.6, satisfies 1) because it is a projection, and 2), 3) by Lemma 3.9 and
Condition 3, cf. Equation (16).
The object PN+1 is defined recursively by splitting it into diagonal and off-
diagonal parts w.r.t P0. Assume 1) and 2) hold for PN and define
PN+1 = PDN+1 + PON+1,
with
εN+1PON+1 = −P⊥0 RF (λ)[H,PN ]P0 + P0[H,PN ]RF (λ)P⊥0 ,
and
εN+1PDN+1 =− P0
(
QN+1 − PN
)
P0 + P⊥0
(
QN+1 − PN
)
P⊥0 ,
QN+1 =
N+1∑
j=0
N∑
k,`=0
k+`=j
εjPkP`.
The role of the diagonal part PDN+1 is to make PN+1 an almost-projection in the
sense of 1), while the off-diagonal part will ensure that 2) and 3) hold.
With this definition, PON+1 ∈ A2N+2,0H , because 2) holds for PN and Corollary 3.7
(note also that P⊥0 Ak,` ⊂ Ak,` + P0Ak,` ⊂ Ak,`). For the diagonal part, first
observe that PkP` ∈ A2j ⊂ A2N+2H , so PDN+1 ∈ A2N+2H . Since QN+1 is equal
to (PN )2 =
∑N
k,`=0 ε
k+`PkP` up to terms in A4N,N+2H , the coefficients in (12) of
QN+1 − PN equal those of ((PN )2 − PN ) (and vanish for |α| > 2N + 2), up to
terms of order εN+2, which shows that PDN+1 ∈ A2N+2,0H by 1).
In order prove Properties 1), 2) and 3) for PN+1, one writes all the operators as
matrices on P0H⊕P⊥0 H and treats the four entries separately. Since the arguments
for the other entries of this matrix are rather similar, we will only treat half of the
cases. The calculations for the remaining ones are given in [LT17, Lem. 3.17].
For 1), we first consider the P⊥0 -P⊥0 entry. We expand PN+1 = PN +εN+1PN+1
and then use P⊥0 PN ∈ P⊥0 (P0 +A2N,1H ) ⊂ A2N,1H , leading to the following calcula-
tion:
P⊥0
(
(PN+1)2 − PN+1)P⊥0
= P⊥0
(
(PN + εN+1PN+1)2 − PN − εN+1PN+1
)
P⊥0
∈ P⊥0
(
(PN )2 − PN + εN+1(PNPN+1 + PN+1PN − PN+1))P⊥0
+A2(2N+2),2N+2H
⊂ P⊥0
(
(PN )2 − PN)P⊥0 − εN+1P⊥0 PDN+1P⊥0︸ ︷︷ ︸
∈A4N,N+2
+A4(N+1),N+2H
⊂ A4(N+1),N+2H .
Next, consider the P0-P⊥0 entry:
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P0
(
(PN+1)2 − PN+1)P⊥0
∈ P0
(
(PN )2 − PN)P⊥0 + εN+1
∈A4N+1,1
H︷ ︸︸ ︷
P0
(
PNPN+1 − PN+1
)
P⊥0
+ εN+1 P0PN+1PNP⊥0︸ ︷︷ ︸
∈A4N+1,1
H
+A2(2N+2),2N+2H
⊂ P0
(
(PN )2 − PN)P⊥0 +A4(N+1),N+2H .
Now we use that QN+1−PN ∈ A2N+2,N+1H , by the induction hypothesis for (PN )2−
PN , to obtain
P0
(
(PN )2 − PN
)
P⊥0 ∈ P0(QN+1 − PN )P⊥0 +A4N,N+2H
⊂ PN (QN+1 − PN )P⊥0 +A4N+2,N+2H
⊂
N∑
k,`,m=0
m+k+`≤N+2
εk+`+mPkP`PmP
⊥
0 − (PN )2P⊥0 +A4N+2,N+2H
⊂ (QN+1 − PN )PNP⊥0 +A4N+2,N+2H
⊂ A4N+2,N+2H ,
which proves the claim.
For 2), we let, for simplicity, A ∈ A0,0H and start with the P0–P⊥0 entry. By
Lemma 3.9 and Condition 3, we have
[−ε2∆EH + λ+ εH1, PN+1]P⊥0 A ∈ A2N+4,1.
We then obtain
[H,PN+1]P⊥0 A ∈ [HF − λ, PN+1]P⊥0 A+A2N+4,1.
This gives us, using that P0 and RF commute and (HF − λ)P0 = 0,
P0
[
H,PN + εN+1PN+1
]
P⊥0 A
∈ P0
(
[H,PN ] + εN+1
[
HF − λ, PN+1
])
P⊥0 A+A2N+4,N+2
⊂ P0
(
[H,PN ] + εN+1[HF − λ, PN+1P⊥0 ]
)
P⊥0 A+A2N+4,N+2
⊂ P0
(
[H,PN ]− P0PN+1P⊥0 (HF − λ)P⊥0 A+A2N+4,N+2
⊂ P0
(
[H,PN ]− [H,PN ]RF (λ)P⊥0 (HF − λ))P⊥0︸ ︷︷ ︸
=0
A+A2N+4,N+2,
which gives 2) for the P0-P⊥0 -block.
For the P⊥0 -P⊥0 part, write PN+1 = PN+εN+1PDN+1+εN+1PON+1. Then, observe
that
P⊥0
[
H, εN+1P0PN+1P
⊥
0
]
P⊥0 = εN+1P⊥0 HP0PN+1P⊥0 = εN+1[H,P0]P0PN+1P⊥0
is an element of A2N+4,N+2 and thus
P⊥0
[
H, εN+1PON+1
]
P⊥0 ∈ A2N+4,N+2,
by the analogous calculation for P⊥0 PN+1P0.
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For the remaining terms, we calculate
P⊥0
[
H,PN + εN+1PDN+1
]
P⊥0 A
= P⊥0
[
H,PN + P⊥0 (QN+1 − PN )P⊥0
]
P⊥0 A
= P⊥0 [H,P⊥0 ](QN+1 − PN )P⊥0 A+ P⊥0 (QN+1 − PN )[H,P⊥0 ]P⊥0 A
+ P⊥0 [H,QN+1]P⊥0 A.
The terms of the first line are in A2N+4 because [H,P⊥0 ]A = −[H,P0]A ∈ A2,1 and
(QN+1 − PN ) ∈ A2N+2,N+1H . For the last line, we have
P⊥0 [H,QN+1]P⊥0 A = P⊥0
N∑
k,`=0
k+`≤N+1
εk+`
([
H,Pk
]
P` + Pk
[
H,P`
])
P⊥0 A
= P⊥0
(
N∑
`=1
[
H,PN+1−`
]
ε`P` +
N∑
k=1
Pk
[
H,PN+1−k
])
P⊥0 A
∈ A2N+4,N+2 ,
by using the induction hypothesis on Pk, P`. This completes the proof of 2), and
the reasoning for 3) is essentially the same. 
Proof of Theorem 1.1. To complete the proof, we need to construct, for any given
N and Λ, a projection Pε ∈ L(H) ∩ L(D(H)) such that
‖[H,Pε]%(H)‖L(H) = O(εN+1),
for every measurable function %: [−∞,Λ]→ [0, 1]. Pε will be obtained from PN by
a construction that goes back to Nenciu [Nen93] and has been used in many later
works. We will thus only sketch this procedure, a complete presentation adapted
to our notation can be found in [LT17].
The first point is to note that, by Condition 3, the domain of (H)k is contained
in W 2kε (E), for ε small enough, and, due to the ellipticity of −∆Egε with Dirichlet
conditions (Equation (9)) its graph norm is equivalent to the one of W 2kε (E). Thus,
by choosing an appropriate cut-off function χ, we can define a regularised version
of PN by
Pχ := P0 + (PN − P0)χ(H) + χ(H)(PN − P0)(1− χ(H)).
One then checks that Pχ ∈ L(H) is self-adjoint and Pχ = P0 +O(ε), in both L(H)
and L(D(H)). Since Pχ is close to P0, we immediately have [H,Pχ] = O(ε). If χ
is chosen to equal one on supp % we also have
[H,Pχ]%(H) = [H,PN ]%(H) = O(εN+1),
by Lemma 3.10, as %(H) : H→W 2N+2ε (E) ∩D(H) is bounded.
The operator Pχ is not a projection, but, since it is close to P0, its spectrum is
contained in ε-balls around zero and one. We then define the projection Pε as the
spectral projection of Pχ to the spectrum contained in a ball of radius 1/2 around
one,
Pε =
i
2pi
∫
γ
(Pχ − z)−1dz,
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where γ is the boundary of this ball. One easily checks that Pε − P0 = O(ε). The
proof is then completed by an analysis of the functional calculus of H and Pχ,
which we do not replicate here. 
This completes the proof of our results. Let us remark that the expansion PN =∑N
k=0 ε
kPk of Lemma 3.10 leads to an asymomptotic expansion of Pε, following
[Nen93] or [Lam14, Lem. 2.25].
Lemma 3.11. Let Pk, k ≤ N , be as in Lemma 3.10 and Pε be the associated
super-adiabatic projection. Then,∥∥∥(Pε −∑`k=0 εkPk)χ(H)∥∥∥L(H,D(H)) = O(ε`+1),
for all ` ≤ N and every cut-off χ ∈ C∞0 ((−∞,Λ], [0, 1]) with χp ∈ C∞0 for all p ∈ N.
From this, one obtains the expansion of the effective operator (4), see [Haa16,
Prop. 4.10].
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